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Abstract 

The coding theorem for the entanglement-assisted communication 
via infinite-dimensional quantum channel with linear constraint is 
extended to a natural degree of generality. Relations between the 
entanglement-assisted classical capacity and the X'Capacity of con- 
strained channels are obtained and conditions for their coincidence are 
given. Sufficient conditions for continuity of the entanglement-assisted 
classical capacity as a function of a channel are obtained. Some ap- 
plications of the obtained results to analysis of Gaussian channels are 
considered. 

A general (continuous) version of the fundamental relation be- 
tween the coherent information and the measure of privacy of classical 
information transmission by infinite-dimensional quantum channel is 
proved. 

1 Introduction 



A central role in quantum information theory is played by the notion of 
quantum channel - the noncommutative analog of transition probability ma- 
trix in classical theory. Informational properties of a quantum channel are 
characterized by a number of different capacities depending on the type of 
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transmitted information, by additional resources used to increase the rate of 
transmission, security requirements etc. see e.g. One of the most impor- 
tant of these quantities is the entanglement-assisted classical capacity, which 
characterizes the ultimate rate of classical information transmission assum- 
ing that transmitter and receiver may use common entangled state. By the 
definition this capacity is greater than or equal to the classical (unassisted) 
capacity of the channel. The Bennett-Shor-Smolin-Thaplyal (BSST) theo- 
rem [2] gives an explicit expression for the entanglement-assisted capacity 
of a finite-dimensional unconstrained channel showing that this capacity is 
equal to the maximum of quantum mutual information. 

When applying the protocol of entanglement-assisted communication to 
infinite-dimensional channels one has to impose certain constraints on the 
input states. A typical physically motivated constraint is the bounded energy 
of states used for encoding. This constraint is determined by the linear 
inequality 

TipF <E, E>0, (1) 

where F is a positive self-adjoint operator - a Hamiltonian of the input quan- 
tum system. Operational definition of the entanglement-assisted classical 
capacity of an infinite-dimensional quantum channel with linear constraint 
([1]) is given in where the generalization of the BSST theorem is proved 
under special restrictions on the channel and on the constraint operator. Re- 
cent advances in the study of entropic characteristics of infinite-dimensional 
quantum channels (in particular, generalization of the notion of quantum 
conditional entropy [10]) make it possible to establish the general version of 
the BSST theorem for a channel with linear constraints without any simpli- 
fying assumptions. This result constitutes the first part of the paper. 

The second part is devoted to study of relations between entanglement- 
assisted and unassisted classical capacities of infinite-dimensional constrained 
channel and conditions for their (non-) coincidence. It is shown that under 
certain circumstances the coincidence of the above capacities implies that 
the channel is essentially classical-quantum (see e.g. [5] for the definition). 

We also consider the problem of continuity of the entanglement-assisted 
classical capacity as a function of channel. This question has a physical 
motivation in the fact that preparing a quantum channel in a real experiment 
is subject to unavoidable imprecisions. In the finite-dimensional case the 
continuity of the entanglement-assisted classical capacity was proved in [TT] . 
In infinite dimensions this capacity is not continuous in general (it is only 
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lower semicontinuous) , however we suggest several sufficient conditions for 
its continuity and consider some applications. 

In the last section we prove infinite-dimensional generalization of the iden- 
tity, due to Schumacher and Westmoreland |16], which underhes the funda- 
mental connection between the quantum capacity and the privacy of classical 
information transmission through a quantum channel. 

In the Appendix we give auxiliary facts concerning Bosonic Gaussian 
channels. 

2 Preliminaries 

Let 7{ be a separable Hilbert space, *B(7{) the algebra of all bounded oper- 
ators in l-i and 53+ (H) the positive cone in 53(7/). Let ^{H) be the Banach 
space of all trace-class operators in 1-i and &{%) the closed convex subset of 
1(7/) consisting of positive operators with unit trace called states [11[I3]. We 
denote by the unit operator in a Hilbert space "H and by Id-^ the identity 
transformation of the Banach space T('H). 

A linear completely positive trace-preserving map $ : 'X('Hyi) %{1-Lb) 
is called channel [U [13]. By the Stinespring dilation theorem complete 
positivity of $ implies existence of a Hilbert space T-Le and of an isometry 
V -.Ha^Hb^He such that0 

<^[p\ = TiEVpV*, p G %{Ha). (2) 

The channel $ : ^ defined as 

^p]=TtbVpV*, pe%{UA), (3) 

is called complementary to the channel $ [5J. The complementary channel 
is defined uniquely in the following sense: if $' : T('H^) — )■ liTiE') is a 
channel defined by (jSj) via another isometry V : Ha 'Hb ^'He' then there 
is a partial isometry W : He ^ y-E' such that 

$'[p] = W^p]W\ $[p] = W*$'[p]W, p e 1{Ha). 

Let H{p) be the von Neumann entropy of the state p and H{p\\a) the 
quantum relative entropy of the states p and a [121 [131 [H] . A finite collection 

^ Here and in what follows we write Ti-Uxi') ~ Trx(-) for brevity. 
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of states {pi} with the corresponding probabihty distribution {tTj} is called 
ensemble and denoted {nijPi}- The state p = J2i'^iPi is called the aver- 
age state of the ensemble {nijPi}. The ^-quantity of an ensemble {ni, pi} is 

defined as 

X{{'^i,pt}) = ^^^iHip^\\p) = H{p) -^niH{pi), 

i i 

where the second expression is valid under the condition H{p) < +00. We 
will also use the notation X'S>{{^iy Pi}) = xii^ii^lPi]})- The x-quantity can 
be considered as a quantum analog of Shannon information which appears 
in the expression for the classical capacity of a quantum channel (see below). 

Let F be a positive self-adjoint operator in T-La- For any state p G &{T-La) 
the value TrpF (finite or infinite) is defined as sup„ TrpP„FP„, where P„ is 
the spectral projector of F corresponding to the interval [0,n]. 

We impose the linear constraint onto the input states p^^^ of the channel 

Trp(")F(") < nE, (4) 

where 

F(") = f®---®/ + -- - + /®---®F. (5) 



An operational definition of the classical capacity of a quantum channel 
with the linear constraint can be found in [6]. We will need an analytical 
expression, for which we first introduce the x-capacity of the channel $ with 
the constraint (HI): 



C^i^,F,E)= sup C^($,p), 

p:TTpF<E 



where 



Cx(*'p)= sup x#({vri,pi}) (6) 

is the constrained x-capacity of the channel $ at the state p (the supremum 
is over all ensembles with the average state p). If H{(^[p\) < +00 then 

C,{<!>,p) = Hmp])-HM, (7) 
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where H<i>{p) = inf j]^7ripi=p vriif($[pj]) is the convex hull of the function 
p H{^[p]). Due to concavity of this function the infimum can be taken 
over ensembles of pure states. By the Holevo-Schumacher- Westmoreland 
(HSW) theorem adapted to constrained channels (|6l Proposition 3]), the 
classical capacity of the channel $ with constraint (jl]) is given by the following 
regularized expression 

C($,F,^)= lim n-^C;,(<l>®'^,F("),nS), 

n— >+oo 

where F*^"^ is defined in ([5]). 

Another important analog of the Shannon information which appears 
in connection with the entanglement-assisted classical capacity (see the next 
section) is the quantum mutual information. In finite dimensions it is defined 
for arbitrary state p G (3 ("Ha) by the expression (cf.[T]) 

lip, $) = H{p) + Hmp]) - ® IdnM), (8) 

where Hji is a Hilbert space isomorphic to Ha, p is a purification of the 
state p in the space Ha^Hr so that p = TtrP- By using the complementary 
channel, the quantum mutual information can be also expressed as follows 

lip, $) = Hip) + Hmp]) - Hi^p]). (9) 

In infinite dimensions expressions (E]),® may contain uncertainty "oo — oo", 
and to avoid this problem they should be modified as 

lip, $) = (($ ® Id^) [p] II ($ Idn) [p^g]), (10) 

where g = Ti aP is the state in ©("H/j) with the same nonzero spectrum as p. 
Analytical properties of the function (p, $) i— )■ /(p, $) defined by ( ITOl) were 
studied in [9] in the infinite- dimensional case. 

3 The entanglement-assisted classical capac- 
ity 

Consider the following protocol of the classical information transmission 
through the quantum channel $ : (3(7/^) — )■ ©(?^a')0 Two parties A and B 

^ In this section the output of a quantum channel will be denoted A' for convenience 
of notations. 
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share an entangled (pure) state uab- ^ does an encoding X ^ Sxof the clas- 
sical signal A from the finite alphabet A with probabilities ttx and sends its 
part of this shared state through the channel $ to B. Here S\ are encoding 
channels depending on the signal A. Thus B gets the states ($ ^ Ids) [u\] , 
where ux = {S\ ® Ids) [uab] , with probabilities tta, and B aims to extract 
the maximum information about A by doing measurements on these states. 
To enable block encodings, this picture should be applied to the channel 
Then the signal states transmitted through the channel $®" (8> Id^" have 
the special form 



= (4") ® Ml") , (11) 

where is the pure entangled state for n copies of the system AB and 
A — S^'' are the encodings for n copies of the system A. 

The constraint (jlj) is equivalent to similar constraint onto the input states 
of the channel Id|" with the constraint operator = F^") (g) /|". 
Denote by V^b the collection of ensembles tt^"^ = {n[^\u^^^}, where cj^"^ are 
states of the form ffTTj) . satisfying 

5^xrTra;rFi3<ni?. 

aga 

The classical capacity of above protocol is called entanglement- assisted clas- 
sical capacity of the channel $ under the constraint (jlJ and is denoted 
Cea{^,F,E) (for more detail of the operational definition see |6]). By a 
modification of the proof of Proposition 2 in [6], 

Cea{^,F,E) = hm -C(^)($,F,i?), (12) 

n— s-oo n 

where 

CL")($,F,F)= sup X<,«»^Hr({4"\^f})- (13) 

7r(")G ^ ^ 

These are the expressions with which we will work in this paper. The fol- 
lowing Theorem generalizes Proposition 4 from [6j to the case of arbitrary 
channel $ and arbitrary constraint operator F . 

Theorem 1. Let $ : ©(Ha) — ?• ©("Hyi') be a quantum channel and F 
a self-adjoint positive operator in the space Ha- The entanglement- assisted 



,(«) 
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capacity (finite or infinite ) of the channel $ with the constraint is given 
by the expression 

CU'^,F,E)= sup /(p,$). (14) 

p-.TrpFKE 

It follows from Theorem [T] that the entanglement-assisted capacity (finite 
or infinite) of the unconstrained channel $ is 

Cea($) = sup /(p,$). 

P66(W) 

Proof. To prove the inequality " > " in f|T^ assume first that the channel 
$ has a finite-dimensional output (the system A' is finite-dimensional). In 
this case the required inequality can be proved by repeating the arguments 
from the corresponding part of the proof of Proposition 4 in [6J based on the 
special encoding protocol. We only make the following remarks concerning 
generalization of that proof: 

• finite-dimensionality of the system A' implies finiteness of the output 
entropy of the channel $ on the whole space of input states; 

• finiteness of the value TrpF implies that all the eigenvectors of the state 
p belong to the domain of the operator ^/F ; 

• finite-dimensionality of the system A' shows that for any finite rank 
state p the restriction of the channel to the support of the state 
p®" acts as a finite-dimensional channel for each n. 

• if there are no states satisfying the inequality TrpF < E but there exists 
infinite rank state po such that TrpoF = E then there is a sequence 
{pn} of finite rank states converging to po such that Trp„F = E for 
which 

liminf J(p„,$) > /(po,$) 
by lower semicontinuity of the quantum mutual information. 

Let $ be an arbitrary channel and {P„} be a sequence of finite-dimensional 
projectors in Ha' strongly converging to the unit operator J^/. The channel 
$ is approximated in the strong convergence topology (see [S]) by the se- 
quence of channels n„ o $ with a finite-dimensional output, where n„(p) = 
PnpPn + [Trp(/A' — -P„)]r and r is a given state in A' . Since the inequality 
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" > " in fll4l) is proved for a channel with a finite-dimensional output, the 
chain rule for the entanglement-assisted capacity implies 

Cea($,F,£^) >Cea(n„o$,F,S) > J(p,n„o$) for all p s.t. pF < E . 

The lower semicontinuity of the function $ i— )■ /(p, <I>) in the strong conver- 
gence topology and the chain rule for the quantum mutual information (see 
Proposition 1 in [9]) imply 

lim J(p, n„ o $) = /(p, $) < +00 for all p. 



n— >+cxD 



Hence the inequality " > " in (IT^ follows from the above inequality. 

We now prove the inequality " < " in ( IT^ . By Lemma [1] below the 
expression X$i8in^id'»"(---) in the right hand side of (fT3|) is bounded from above 

by the quantity J(^^ 71^^(0;^"^)^, $^"). From we get 
F, i?) < lim - sup / (> : 7ri")(c^f ))^, 



,($,F,i?)< lim - sup /(Vvrf (c^i" 



The right hand side is less than or equal to 

sup J(p("),$®") =4($). 

p{"):Trp(")F(")<n_E; 

But the sequence Ini,^) is additive. To show this it is sufficient to prove 

/n(<f) <ri7i(<f). (15) 
By subadditivity of the quantum mutual information 



/(pw,$«")<x:/(pf\*), 



where p|"'' are the partial states, and by concavity. 



n n / ^ n 
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But Trp(")F(") < nE is equivalent to Tr (^^Y.]=iPj) ^ < hence ([T5]) 
follows. Thus 

Cea{^,F,E)< sup 

p:TrpF<E 

Lemma 1. Let $ : ©("H^) — >" ©("^A') a quantum channel and a 
an arbitrary state in &{'Hb)- Then for an arbitrary ensemble {iiijUi} of 
states in &{1-La®'Hb) such that {uJi)B = cr G QiTis) for all i, the following 
inequality holds 

X$®ids ({7ri,Wi}) < /(cjA,^), (16) 

where u = "^-niUi is the average state of the ensemble {nijOJi}. 

In the proof of this lemma we will use the infinite-dimensional gener- 
alization of the conditional entropy proposed in |10| and briefly described 
below. 

In finite dimensions the conditional entropy of a state p of a composite 
system AB is defined as 

HiA\B)^ = Hip)-Hipn). (17) 

The conditional entropy is finite, but in contrast to the classical case it may 
be negative. 

According to |10j the conditional entropy of a state p of an infinite- 
dimensional composite system AB is defined as follows 

H{A\B)^ = H{pa) - H{p\\pA ® Pb) (18) 

provided H{pa) < +oo. It is easy to see that the right hand sides of (fTTI) 
and flTHl) coincide if H{p) < +oo (finiteness of any two values from the triple 
H{pa), H{pb), H{p) implies finiteness of the third one). 

It is proved in [10] that the above-defined conditional entropy is a concave 
function on the convex set of all states p of the system AB such that H{pa) < 
+00, possessing the following properties: 

HiA\B),,, > H{A\BC), (19) 

for any state p of ABC (monotonicity) , and 

H{A\B),,, = -H{A\C)p,^ (20) 

for any pure state p of ABC, where it is assumed that H{pa) < +oo. 
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Proof of the lemma. Let {TTi,Ui} be an ensemble of states in ©("Ha ® 
Hb) with the average state u such that (wj)^ = cr G ©("Hb) for all i. We 
have to show that 

Y,'^iH{<^®ldB[oJi] II^^HbM) < I{ujA,'^). (21) 

i 

Let us prove first the inequality fl2Tl) assuming that dim^A' < +00 and 
dim?^B < +00. In this case the left hand side of this inequality can rewritten 
as follows 

L = (^UbIuj]) -J2^^H{^ (g)ldB[ui]). 

i 

By subadditivity of the von Neumann entropy we have 

L < Hmp\) + MH{a) - ® MbN)], 

i 

where p = ua- Note that ® \dB[^i\) — H{a) is the conditional entropy 
H{A\B) at the state $ ® IdB(a'i). Let Ui be a pure state in ABRi such that 
['~^i)AB = (^i- By monotonicity of the conditional entropy (property (fT9|) ) we 
have 

® IdsM) - ^(^) = i/(A'|fi)$®ids[.,] > i/(A'|Si?,)$^id^^j<,,], (22) 

where H{A'\BRi) is defined by (ITS!) (the system i?j is infinite-dimensional, 
but the system A' is finite-dimensional by the assumption). Since cDj is a 
purification of the state pi = (co'j)A, i-e. {uJi)A = Pi, property (|2UI) of the 
conditional entropy implies 

(23) 

= -H{A'\E)T:yg^^V(g)iBR^-^i-v*(g)iBR^ = -H{A'\E)vpiV*, 

where E is an environment system for the channel $ and V is the Stinespring 
isometry (i.e. $[p] = Ti eV pV*) . 

By using concavity of the conditional entropy (defined by (ITSl) ) and the 
property (!20l) . we obtain 

^ 7rii/(A'|£')yp.y. < i/(A'|E)ypy* = - H {A'\R)TrEV(S,Iii- p ■ V*<S>Iri 
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where R is a reference system for the state p and p is a pure state in AR 
such that Pa = P- Hence ( 12^ and (125]) imply 

L < Hmp]) - = Hi^ ® ldn[p]\mp] ® Pr) = Kp. 

where definitions ( ITOl) and (ITSl) were used. 

Thus inequality fl2T]) is proved under the assumption dimH^' < +00, 
dimT^B < +CXD. Its proof in the general case can be obtained by means of 
an approximation technique as follows. 

Let {tTj, Wj} be an ensemble such that {001)3 = cr E &{%b) and Qn be the 
spectral projector of the state a corresponding to its n maximal eigenvalues. 
Let A„ = TrQnC" and Cn = Ia® Qn- For a natural n consider the ensemble 
{vTijO;"} with the average state w", where 

~ ^n^CnU!iCn, Oj"' = X^^CnUjCn- 

Let {Pn} be a sequence of finite-rank projectors in the space T-La', strongly 
converging to the identity operator Ia', and r a pure state in ©("H^/). Con- 
sider the sequence of channels = n„ o $, where 

n„[p] = F„pF„ + tTt{Ia' - Pn)p, P e GCHa'). 
Since = ^n^Qn^^ for all z, the first part of the proof implies 

^ -KiH ($„ ® Ideiu'l] II ® Idsiw"]) < IK, $0. 

j 

Since XnOJA < i^a, Lemma 4 in j9j shows that lim„^+oo -^(w^, = I{oja, 
Hence the above inequality implies inequality f l2T]) by lower semicontinuity 
of the relative entropy. This proves the Lemma and completes the proof of 
the Theorem. □ 

4 Relations between entanglement-assisted and 
unassisted classical capacities 

When dealing with infinite-dimensional quantum systems and channels, it 
is necessary to consider generalized ensembles defined as Borel probability 
measures 11 on the set of all quantum states. From this point of view ordinary 
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ensembles are described by finitely supported measures /i. We denote by 
V {&{?{)) the set of all generalized ensembles of states in ©("H). 
The x-quantity of a generalized ensemble /j, is defined as 



Xifi) = / Hip\\pifi))f,idp) = Hipip)) - / H{p)p{dp), (24) 

J&{H) J&{H) 

where = /g(^) Pl^{dp) is the average state of p (the Bochner integral) 
and the second formula is valid under the condition H{p[p)) < +00 [7]. 
For an arbitrary generalized ensemble p G P(<3('H^)) and a channel $ : 
©(Ha) — QiTis) one can define the new ensemble p o g P(©('Hb)) 
(the image of the ensemble /i under action of the channel $) as follows 

o $-i(fi) = p{{p G 6(Ha) I G S}). 

The x-quantity of the ensemble p o will be denoted x*(a^)- We have 



X$(/i)= / i/($[p]||«l>[p(/x)])M(^ip) 

Jem) (25) 

= i/($[p(/x)]) - / H{<l>[p])p{dp), 
Je{HA) 

where the second formula is valid under the condition if($[p(^)]) < +00. 

It is shown in [7] that the constrained x-capacity defined by ^ can be 
expressed as follows 

Cx($,p)= sup xM (26) 
^■.p{p)=p 

(the supremum is over all generalized ensembles in V{&{'Ha)) with the av- 
erage state p) and hence 

C^($,F,^)= sup xM- (27) 

In this section we study the general relations between the capacities 
Cx($,F, E), C($,F, i?), Co,($,F, E) and give conditions for their coinci- 
dence under the assumptioijj 

H{p) < +00 for all p such that TrpF < E, (28) 



^Onc can show this assumption holds if and only if Trexp(— AF) < +00 for some A > 0. 
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which imphes, in particular, finiteness of all these values. A basic role in 
this analysis is played by the following expression for the quantum mutual 
information 

/(p, $) = H{p) + C^($, p) - C;,($, p), (29) 

valid under the condition H{p) < +00 (since C^($, p) < H{p) for any channel 
$, this condition implies finiteness of all terms in the right-hand side of fl29|) ). 

If if($[p]) and H{^[p\) are finite, then the expression (129|) follows directly 
from ([7]) and ([9]), since = (this follows from the coincidence of if($[p]) 
and H{(^[p]) for pure states p); in the general case it can be proved by using 
Proposition m in Section 6. 

By subadditivity of the quantum mutual information expression fl29|) im- 
plies the formal proof of the inequality 

C(<I>,F,^) <Cea(<f,F,^), (30) 

which looks obvious from the operational definitions of the capacities. It also 
implies the following inequalities. 

Proposition 1. Let $ : ©("H^) — ?• &{'Hb) be a quantum channel 
and F a positive operator such that condition is valid. The following 
inequalities hold 

a,{<i>,F,E) > 2C^{<i>,F,E)-C^{$,F,E), 

(31) 

Cea($,F,^) > 2C{<i>,F,E)-C{$,F,E), 

where $ : G^Ha) G{He) is the complementary channel to the channel 

Note that in contrast to fl30|) . both inequalities in fl3T|) hold with an 
equality if $ is the noiseless channel. These inequalities show that coincidence 
of C^^{^,F,E) with C^{^,F,E) (with C($,F,E)) can take place only if 
C^{^, F, E) < C;,($, F, E) (correspondingly C(<l>, F, E) < C{$, F, E)). 

Proof. For an arbitrary £ > let be a state in &{'Ha) such that 
C^(<l>, F, E) < C^(<l>, p,) + £, Trp.F < E. 
Since C;^($,pe) < H{pe) < +00, Theorem [1] and formula fl29l) show that 

Cea($,F,F) > /(p„$) 

> 2CJ<l>,p,)-C^($,p,) 

> 2C^(<l>,F,F)-C^($,F,F)-2£, 
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which imphes the first inequahty in (131 p . 

The second inequahty in ( 13 ip is obtained from the first one by regular- 
ization. □ 

Now we consider the question of coincidence of the capacities Cea{^, F, E) 
and Cx($,F,^). 

We call a channel $ : ©("Ha) G{T-Lb) classical- quantum (briefiy, c-q 
channel ) if the image of the dual channel $* : %{T-Lb) — ^ ^(Ha) consists of 
commuting operators. If all these operators are diagonal in a fixed orthonor- 
mal basis in I-La, we say that the c-q channel is of discrete type. In this 
case it has the following representation 



where {cxfc} is a collection of states in &{1-Lb)- Any finite dimensional c-q 
channel is of the discrete type. An example of a c-q channel which is not of 
the discrete type is provided by Bosonic Gaussian c-q channel (see Appendix). 

It is shown in [T7J that C^($) = Cea($) for any finite-dimensional uncon- 
strained c-q channel $ and that this equality implies that the restriction of 
the channel $ to the support of the average state of any optimal ensemble is 
a c-q channel (an ensemble is called optimal if its x-Quantity coincides with 
Ci^($), see [U]). The example from [3] shows that the words "the restriction 
of in the last assertion can not be removed. 

To generalize the above assertion to infinite dimensions we have to con- 
sider the notion of a generalized optimal ensemble for a constrained infinite- 
dimensional channel introduced in [7]. 

A generalized ensemble /x* is called optimal for the channel $ with con- 
straint (!!]) if 



which means that the supremum in (12 7p is achieved on /i^.. 

This is a natural generalization of the notion of the optimal ensemble 
for finite-dimensional (constrained or unconstrained) channel. In contrast 
to the finite-dimensional case, an optimal generalized ensemble for infinite- 
dimensional constrained channel may not exist, but one can prove the fol- 
lowing sufficient condition for existence of such ensemble. 



dim "Ha 




(32) 



k=l 



TTp{fi,)F < E and C^{<!>, F, E) = x*(/i*), 
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Proposition 2. IT] // the subset of G{'Ha) defined by the inequality 
TrpF < E is compacts o-nd the function p H(^[p]) is continuous on this 
subset then there exists a generalized optimal ensemble for the channel $ 
with constraint Q). 

This condition liolds for arbitrary Bosonic Gaussian channel with energy 
constraint [7], the remark after Proposition 3. It also holds for any channel 
having the Kraus representation with a finite number of summands provided 
the operator F satisfies the condition Trexp(— AF) < +oo for all A > (this 
can be proved by using Proposition 6.6 in [Sj). 

The following theorem gives a necessary condition for coincidence of the 
capacities C^{^, F, E) and Cca($, F, E). 

Theorem 2. Assume that there exist a generalized optimal ensemble /i* 
for the channel $ : &{'Ha) — >■ &{'Hb) with constraint (in particular, the 
condition of Proposition^^ holds) and that condition f28\) is valid. Let l-i^ be 
the support of the average state of p^, i.e. Ti^ = suppp(/i*). 

// C^{^,F,E) = Cca{^,F,E) then the restriction of the channel $ to 
the set is a c-q channel of discrete type. 

Proof. Without loss of generality we may assume that the optimal gen- 
erahzed ensemble p^ is supported by pure states. This follows from con- 
vexity of the function a i— )■ i:r(<l>[cr]||$[p]), since for an arbitrary measure 
p G there exists a measure p G supported by pure 

states such that p{p) = p{p) and / f{a)p{da) > J f{a)p{da) for any convex 
lower semicontinuous nonnegative function / on ©("H^) (this measure p can 
be constructed by using the arguments from the proof of the Theorem in [7]). 

The equality C^($, F, E) = Cea($, F, E) implies C^(<l>, p{p,)) = J($, p{p,)). 
It follows from condition fl28l) and representation fl29l) that this is equiva- 
lent to the equality H{p{p^,)) = C^{^,p{p^)) < +oo. Since C^{^,p{p^)) = 
X<i.(/i*), the remark after Proposition H] in Section 6 and condition (l28l) imply 
Cx(^'P(/^*)) = X|,(Ai*)- Since H{p{p^)) = x(^*), the equality H{p{p^)) = 
Xq,{fJ'*) shows that the channel $ preserves the x -quantity of the ensemble 
yU*, i.e. X5(/i*) = x(/^*)- By Theorem 5 in p!B] the restriction of the channel 

$ = $ to the set ©("H*) is a c-q channel of discrete type. □ 

This subset is compact if and only if the spectrum of operator F consists of eigenvalues 
of finite multiplicity, accumulating at infinity, see the Lemma in |6 and Lemma 3 in [7]. 
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Remark 1. In contrast to unconstrained channels the assertion of The- 
orem [2] is not reversible even in finite dimensions: the entanglement-assisted 
classical capacity of a discrete type c-q channel with linear constraint may 
be greater than its unassisted classical capacity [T71 Example 3]. By repeat- 
ing the arguments from the proof of Theorem 2 in [17] and using condition 
fl25]) one can show that C-^($, F, E) = Cca($, F, E) for any discrete type c-q 
channel $ with constraint ^ provided the operator F is diagonal in the basis 
{\k)} from representation [3^) of the channel $. 

For an arbitrary nontrivial subspace I-Lq of T-La the restriction of the chan- 
nel $ : &{1-La) — ^ &{Hb) to the subset ©('Ho) will be called subchannel of 
$ corresponding to the subspace I-Lq. 

Theorem |2] implies the following sufficient condition for non-coincidence 
of Cea($,i^,^) and C^($,F,^). 

Corollary 1. Let the assumptions of Theorem\^hold. Then Cea($, F^ E) > 
C^($, F, E) if one of the following conditions is valid: 

1. the channel $ is not a c-q channel of discrete type and the optimal 
measure //* has a non- degenerate average state; 

2. the channel $ has no c-q subchannels of discrete type. 

As mentioned before the assumptions of Theorem [2] hold for arbitrary 
Gaussian channel ^K,i,a if F is the Hamiltonian of the input system {K, /, a 
are the parameters of the channel, see the Appendix). By Corollary [T] 
and Proposition E] in the Appendix the strict inequality Ccs,{^K,i,ai F, E) > 
C^{^K,i,a, F, E) holds if one of the following conditions is valid: 

1. K ^ Q and the optimal measure /i^, has a non-degenerate average state; 

2. the rank of K coincides with the dimension 2k of the input symplectic 
space {k is the number of the input modes). 

Condition 1 holds if the conjecture of Gaussian optimizers (see [3] , Ch.l2) 
is valid for the channel ^K,i,a ■ 
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5 On continuity of the entanglement-assisted 
capacity 

Since a physical channel is always determined with some finite accuracy, it 
is necessary to explore the question of continuity of its information capacity 
with respect to small perturbations of a channel. It means, mathematically, 
that we have to study continuity of the capacity as a function of a channel 
assuming that the set of all channels is equipped with some appropriate 
topology. 

In this section we consider continuity properties of the entanglement- 
assisted capacity with respect to the strong convergence topology on the 
set of all channels p]. Strong convergence of a sequence of the channels 

: 6 (Ha) ©(Hb) to the channel $o : <3(Ha) ^ means that 

lim„^+oo ^n[p] = $o[p] for any state p e <&{Ha)- 

Theorem [T] and lower semicontinuity of the quantum mutual information 
as a function of a channel in the strong convergence topology imply that 
$ I— 7- Cca(*^', E) is a lower semicontinuous function in this topology on the 
set of all quantum channels, i.e. 

liminfCea($n,F,^) > Cea(<fo,F,^) (< +Oo) 

for any sequence of channels strongly converging to the channel $o- 

The following proposition gives sufficient conditions for the continuity. 

Proposition 3. Let F he a self-adjoint positive operator such that 
Trexp(— AF) < +oo for all X > and be a sequence of channels 

strongly converging to a channel $o- The relation 

lim Cea($n, F, E) = C,^{%, F, E) < +00 (33) 
holds if one of following conditions is valid: 

1. \min^+oo H{(^n[Pn\) = -f^(*^'o [po] ) foT an arbitrary sequence {/9„} con- 
verging to a state po such that Trp^F < E for all n = 0,1, 2, 

2. there exists a sequence of channels strongly converging to a chan- 
nel $0 such that ($„, $„) is a complementary pair for each n = 0, 1, 2, ... 
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Condition 1 in Proposition |3] holds for any converging sequence of Gaus- 
sian channels provided that F is oscillator Hamiltonian of a Bosonic system. 
Condition 2 in Proposition [3] holds for the sequence of the channels 

+ 00 

1=1 

where {V^"}n is a sequence of operators from T-La into Hb strongly converging 
to the operator for each i such that ^^(V^"')*V^" = Ia for all n. Indeed, 

^n[p] = $^[TrO(V;")*]K)0-|, 

where is an orthonormal basis in He, and it is easy to see that 

the sequences and strongly converge to the channels $o and $o 

(defined by the same formulas with n = 0). 

Proof. Note first that the set A= {pE G{1-La) \ TrpF < E} is compact 
(by the Lemma in [6]) and the function p H{p) is continuous on this set 
(by Proposition 6.6 in [S]). 

By Proposition 4 in [S] for each n the function p ^ I{p, $„) is continuous 
on the compact set A and hence 

Cea($n, F, E) = SUp I{p, $„) = /(p„, $„) 

for a particular state pn in A. 
Assume that there exists 

lim CU^n,F,E)>C,^X^o,F,E) (34) 

n— >-+oo 

By the remark before Proposition |3l to prove fl33|) it suffices to show that 
f p4|) leads to a contradiction. 

Since the set A is compact, we can assume (by passing to a subsequence) 
that the sequence {pn} converges to a particular state po G A. Hence to 
obtain a contradiction to flM]) it suffices to prove that 

lim /(p„,<l>„) = /(po,<fo). (35) 

n— >+oo 

The above conditions 1 and 2 provide two different ways to prove fl5Sl) . 
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If condition 1 holds then 

/(p„, $„) = H{pn) + H{^r\pn]) - ® [| |] ) , 

where |(/9„) is any purification for the state p„, n = 0, 1, 2, .... 

By lower semicontinuity of the function ($,p) )■ /(p, $), continuity of 
the entropy on the set A and condition 1, to prove fl35l) it suffices to show 
that 

liminf H{^n ® IdR[|v9„)(v?„|]) > if($o ® ldR[|(^o)(¥'o|]). 

This relation follows from lower semicontinuity of the relative entropy, since 
strong convergence of the sequence to the channel $o implies strong 

convergence of the sequence ® Id/j} to the channel $o ® M/j and we can 
choose such sequence {Iv^n)} that converges to the vector |y9o) IS Lemma 2]. 
If condition 2 holds then fl35l) directly follows from Proposition 5 in [5]. 

6 Coherent information and a measure of pri- 
vate classical information 

Let $ : &{1-La) ^CHb) be a quantum channel and $ : ©("Ha) &{He) 
be its complementary channel. In finite dimensions the coherent information 
of the channel $ at any state p is defined as a difference between H{(^[p]) and 
iJ($[p]) [131 [16]. The coherent information is still another quantum analog 
of the Shannon information relevant to the quantum capacity of the channel 
[1|,[T3]. In infinite dimensions the values H{^[p\) and if($[p]) may be infinite 
even for a state p with finite entropy, therefore the coherent information may 
be defined via the quantum mutual information as a function with values in 
(— oo,+oo] as follows (cf. [9]) 

/,(p,$) = /(p,<l>)-//(p). 

Let p be a state in &{'Ha) with finite entropy. By monotonicity of the 
X-quantity the values x<i.(/i) and do not exceed H{p) = x(p) for any 

measure p G V^&iTiA)) supported by pure states with the barycenter p. 
The following proposition can be considered as a generalization of the ba- 
sic relation in [16j which underlies the fundamental connection between the 
quantum capacity and the private transmission of the classical information 
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through a quantum channel. A measure for the latter is given by the differ- 
ence — between the x-Quantities of the receiver and the environ- 
ment (the eavesdropper). 

Proposition 4. Let ^ he a measure in V{&{'Ha)) supported by pure 
states with the barycenter p. Then 

XM - = /(P, - H{p) = h{p, $). (36) 

This proposition shows, in particular, that the difference x*(/") ~ X^{^) 
does not depend on p. So, if the supremum in expression (126|) for the value 
C^{^,p) is achieved at some measure /U* then the supremum in the similar 
expression for the value C^{^,p) is achieved at this measure /i* and vice 
versa. 

Proof. If H{^[p]) < +00 then H{^[p]) < +00 by the triangle inequality 
(see [13]) and (136|1 can be derived from (j9]) by using the second formula in 
f l25|) and by noting that the functions p t-)- H{^[p]) and p 1— )■ H{^[p]) coincide 
on the set of pure states. In general case we have to use the approximation 
method to prove f l36|) . To realize this method it is necessary to introduce 
some additional notions. 

Let %i{n) = {Ae %{1-L) I ^ > 0, TrA < 1}. We will use the following 
two extensions of the von Neumann entropy to the set Ti('H) (cf. jl2j) 

S{A) = -TiAlogA, H{A) = S{A) + TrAlogTrA, VA G %i{H). 

Nonnegativity, concavity and lower semicontinuity of the von Neumann en- 
tropy imply similar properties of the functions S and H on the set Ti('H). 

The relative entropy for two operators A, B & 2^i('H) is defined as follows 
(see details in [T2] ) 

H{A \\B) = {AlogA- A\ogB + B - A) |z), 

i 

where is the orthonormal basis of eigenvectors of A. By means of this 
extension of the relative entropy the x-Quantity of a measure p in P('Xi('H)) 
is defined by the first expression in (12^ 1^1 

^7'(Ti(H)) is the set of all probability measures on Ti(H) equipped with the weak 
convergence topology. 
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A completely positive linear map $ : %{'Ha) — )■ %{'Hb)-, which does not 
increase trace, is called quantum operation [13] . For any quantum operation 
$ the Stinespring representation ([2]) holds, in which is a contraction. The 
complementary operation $ : %{'Ha) '^{'He) is defined via this represen- 
tation by relation ([3]). 

By the obvious modification of the arguments used in the proof of Propo- 
sition 1 in [7| it is easy to show that the function p xif^) is lower semi con- 
tinuous on the set 'P(Ti('H)) and that for an arbitrary quantum operation $ 
and a measure p G such that S{^[p{p)]) < +oo the x-quantity of 

the measure po g 'P('Xi('Hb)) can be expressed as follows 

x^ip) = smpip)]) - [ smp])p{dp). (37) 

We are now in a position to prove (!36|) in general case. Note that for 
a given measure p G P((3('Ha)) the function $ h-> is lower semi- 

continuous on the set of all quantum operations equipped with the strong 
convergence topology (in which means $ri[p] ^[p] for all p [8J). 

This follows from the lower semi continuity of the functional p i— )■ x{p) the 
set V{^i{1-Lb)), since for an arbitrary sequence {$n} of quantum operations 
strongly converging to a quantum operation $ the sequence {/io$~^} weakly 
converges to the measure p o (this can be verified directly by using the 
definition of weak convergence and by noting that for sequences of quantum 
operations the strong convergence is equivalent to the uniform convergence 
on compact subsets of ©("Ha), see the proof of Lemma 1 in [8]). 

Let {Pn} be an increasing sequence of finite-rank projectors in ^{T-Lb) 
strongly converging to Ib- Consider the sequence of quantum operations 

= n„ o $, where n„[a] = P„[a]P„. Then 

[p] = Tins Pn ® Iue ypy* , P G © (Ha) , (38) 
where V is the isometry from Stinespring representation ([2]) for the channel 

The sequences {$n} and {$n} strongly converge to the channels $ and 
$ correspondingly. Let p = J2k ^k\k){k\ and \(pp) = J2k V^\k) ^ \k). Since 
H{p) < +00 and 5'($„[p]) < +oo, the triangle inequality implies S{^n[p]) < 
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+00. So, we have 



/(p, = H{<^n®ldR[\'^p){^p\] II $n[p] ® g) 

(39) 

= -^($„[p]) + 5($n[p]) + a„ = + + an, 

where 

an = -5^Tr($„[|A;)(A;|])AfclogAfc (40) 

k 

and the last equahty is obtained by using (1371) and coincidence of the func- 
tions p I— i- ^(^[p]) and p I— i- ^(^[p]) on the set of pure states. 

Since the function $ i— )■ I{p, $) is lower semicontinuous (by lower semi- 
continuity of the relative entropy) and J(p, $„) < /(p, $) for all n by mono- 
tonicity of the relative entropy under the action of the quantum operation 

® Idij, we have 

lim /(p,$„) = /(p,$). (41) 

n— >+oo 

We will also prove that 

lim X^M = xM and lim X$„(/^) = X$(/^)- (42) 

ra— )-+oo ra— ^+oo " 

The first relation in ( H2|) follows from the lower semicontinuity of the function 
$ (-7- x#(p) established before and from the inequality x<i>„(p) < X#(p) valid 
for all n by monotonicity of the x-Quantity under the action of the quantum 
operation n„. 

To prove the second relation in fH2]) note that fl55]) implies $ri[p] < $[p] 
for any state p G ©("H^). Hence Lemma 2 in [8j shows that 

X5„(/^)<X$(/x) + /(Tr$„[p]), (43) 

where /(x) = —2a; log x — (1 — x) log(l — x), for any measure p G P(6('H^)) 
with finite support and the barycenter p. Let p be an arbitrary measure in 
V^&iTiA)) with the barycenter p and {p^} the sequence of measures with 
finite support and the same barycenter constructed in the proof of Lemma 
1 in [7], which weakly converges to the measure p. Validity of inequality 
f H3|) for the measure p is derived from its validity for all the measures pk by 
using lower semicontinuity of the function p ^ Xq, (A') and the inequality 
X$(/^fc) < X$(/^) vahd for all k by the construction of the sequence {pk} and 
convexity of the relative entropy. 
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Inequality and the lower semicontinuity of the function $ i— )■ 
imply the second relation in 

Since {on} defined in fHOl) obviously tends to H{p), relations f l39|) . f l4T|) 
and (|12D imply ([Ml). □ 

7 Appendix: Gaussian classical-quantum chan- 
nels 

The main applications of infinite-dimensional quantum information theory 
are related to Bosonic system, for detailed description of which we refer to 
Ch.l2 in [4j. Let Ha be the irreducible representation space of the Canonical 
Commutation Relations (CCR) 

Wa{za)Wa{z'^) = exp (^-^zJAaz'a^ Wa{z'^ + za) (44) 

with a coordinate symplectic space (Z^, A^) and the Weyl system Wa{za) = 
exp{iRA ■ Za)', za G Za- Here Ra is the row- vector of the canonical variables 
in Ha, and is the nondegenerate skew- symmetric commutation matrix 
of the components of Ra- Gaussian channel $ : ^{I-La) '^(Hb), with a 
similar description for T-Lb, is defined via the action of its dual $* on the 
Weyl operators: 



^*[WB{zB)] = WA{KzB)exp 



il Zb - -Zb^zb 



(45) 



where K is matrix of a linear operator Zb — )■ Za, I G Zb and a is real 
symmetric matrix satisfying 



a > ±- {Ab - K^AaK) . 



Proposition 5. Let ^K,i,a be the Gaussian channel with parameters 
K, I, a. 

1) The channel ^K,i,a is c-q if and only if 



K^AaK = 0. 
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In this case it is of discrete type if and only if K = i.e. the channel is 
completely depolarizing. 

2) // rankK = dimZ^ then the channel ^K,i,a has no c-q subchannels of 
discrete type. 

Proof. 1) Since the family {Wb{zb)}zb£Zb generates 53 ("Hb), all the 
operators ^*j^i^{A), A G ^(T-Lb), commute if and only if operators i.e. 
Wa{Kzb), commute for all zb- By fj44l) . 

Wa{Kzb)Wa{Kz'^) = exp {-izlK^ AaKz'^) Wa{Kz's)Wa{Kzb), 

hence the first assertion follows. Assuming the discrete representation (132|1 . 
we have that the operators Wa{Kzb) = exp(zi?^ • Kzb) all have pure point 
spectrum, which is possible only if Kzb = since the canonical observables 
Ra are known to have Lebesgue spectrum. 

2) Suppose there is a subspace Hq C T-La such that 

k 

for all p G 6 ("Ho); where {\k)} is an orthonormal basis in "Ho- Then 



PWA{KzB)Pexp 



i^ZB - ^z^azB 



P^hAWB{zB)]P 



= J2[^^WB{zB)ak]\k){k\, 

k 

where P = J2k 1^) (^1 projector onto Hq. It follows that {k\WA{KzB)\j) = 
for all k ^ j. But this can not be valid, since {Kzb \ zb G Zb} = Za and 
hence the family {Wa{K zb)} zb€Zb of Weyl operators acts irreducibly on T-La- 

□ 
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